UECM1304 TeEsT 1 MARKING GUIDE
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COURSE CODE & COURSE TiTLE: UECM1304 DISCRETE MATHEMATICS WITH APPLICATIONS
Facurry: LKC FES, UTAR COURSE: AM
TRIMESTER: JUN 2025 LECTURER: LiEw How Hul

Instruction: Answer all questions in the space provided. If you do not write your answer in the
space provided, you will get ZERO mark. An answer without working steps may also receive
ZERO mark.

1. ’COl: Recognise statements and quantified statements. ........... .. ... oL C1

(a) Given the atomic statements p, ¢ and r. State the truth table of the following statement

(P (@Vr)A((~p—q) = (gAT)).
é

State if the statement ¢ is a tautology, contingency or contradiction. If the statement ¢ is
satisfiable, write down a truth assignment for which v(¢) = T. (5 marks)

Ans. The truth table is stated below.

P ripe(Vvr) (~p—=q) = (@Ar) e (@Vr)A((~p—q) = (@A)
T T T T T T
T T F T F F
T F T T F F
T F F F F F
F T T F T F
F T F F F F
F F T F T F
F F F T T T

....................................................................... [0.5 x 8=4 marks]

Since there is a truth assignment in which the statement is true and there is a truth
assignment in which the statement is false, the statement is a contingency. ..[0.5 mark]

A true assignment for which v(¢) =T isv(p) =v(q) =v(r)=T. ........ . ... [0.5 mark]



Given that p, ¢, r, s are atomic statements, prove the following logical equivalence
(pAgATr = $)AN(r—=>pVqVs)=((peq)Ar)—s

by writing down the step-by-step laws of logical equivalences used. (2.5 marks)
Ans. (pAgAr—=S)N(r—pVqVs)
=(~(@PAgGAT)VS)AN(~TrVpVgqVs) [implication law; 0.4 mark]
=(~pV~gV~rVS)A(~rVpVaVs) [De Morgan law; 0.2 mark]
=((~pVv~qg)A(pVQq)V(~rVs) [distributive law (also assoc, comm laws); 0.4 mark]
~(((~pv~ APV a@)V ~r) = s

[Associative, Implication, Double Negative; 0.2 mark

]
=(((pANgV(~¥pAN~q)AT) =5 [De Morgan, Double Negative; 0.4 mark|
= (((pV ~p) A(pV ~q) A(gV ~p)A(qV ~q)) A1) — s [Distributive; 0.2 mark]
=({(TA@V~g A(qV~p) ANT)AT) =5 [Negation law; 0.2 mark]
=(((pv~ @) N(gV ~p))AT) = s [Identity law; 0.2 mark]
=((p—=¢AN(g—=p)Ar)—s [Implication law, Commutative law; 0.2 mark|
=((peoagnr)—s [Biconditional law; 0.1 mark]



Let P(z) and Q(x,y) be predicates. Transform the following quantified statement

Vo (P(z) = Q(z,y)) — (FyP(y) A J2Q(y, 2))

to an equivalent prenex normal form. You need to state the laws used in the derivation

of the prenex normal form. (2 marks)
Ans. Vw( () = Q(z,9)) = (ByP(y) A 32Q(y, 2))
=  Vz(P(x) — Qz,y)) = (Jy2P(y2) A 32Q(y, 2)) Variable Renaming [0.4 mark]
=  ~Va(P(z) = Qz,y)) V (Fy2P(y2) A 32Q(y, 2)) Implication [0.3 mark]
= dx~(P(x) = Qx,y)) V (Fy2P(y2) A 32Q(y, 2)) Generalised De Morgan [0.3 mark]
Jdz ~ (P(z) = Q(x,y)) V Jy23z (P(yg) A Q(y, )) Free variable law [0.4 mark]
= Elac[ ~ (P(x) = Q(z,y)) V Jy23z( P(y2) A Q(y, 2) Free variable law [0.2 mark]
= EIxEIyQElz[ ~ (P(x) = Q(z,y)) V | P(y2) N Q(y, 2) Free variable law [0.4 mark]

The definition of “uniform convergence” of a sequence of functions { f,,} to a function f on
an interval A C R can be defined by the following quantified statement

VeINVnVa [(e >0) — ((N EN)A((n>N) = (z € A) > |fulz) — f(2)| < e))} .

Write the negation of this statement in prenex normal form, i.e. apply ~ to the quantified
statement and then write it into the logically equivalent prenex normal form. You do not
need to write down the laws for this question. (0.5 mark)

Ans. The negation of the quantified statement is

3eYN3In3z [(e > 0) A ((N EN) = (0> N)A(z € A)A|fu(z) - f(2)| > e))} . [0.5 mark]



UECM1304 Test 1. Name (ID):

2. ’COZ. Determine the validity of an argument. ........... ... .. .. i C2

(a) Given the following argument:

~pVyq
r—~gq
p— (gA~)
Determine whether the argument is valid by using comparison table method or truth table
method. (4 marks)
Ans. The comparison table is stated below: ................................. [3.5 marks]
p q v |~pVqg 1T—=~qg p—>gA~T
T T T T F F
T T F T T T
T F T F T F
T F F F T F
F T T T F T
F T F T T T
F F T T T T
F F F T T T

Looking at row 1, row 3 and row 4 of the comparison table, there is no truth assignment

for which the premises are all true but the conclusion is false. Therefore the argument is
valld. . [0.5 mark]

Let p, g, 7, s, u be atomic statements. Show that

pVqg—rAs, sVt—u = p—u

using laws of logical equivalences and implications or tableaux method. In either method,

the essential laws that you deployed need to be stated.

(2 marks)

Ans. A sample proof using laws of logical equivalences and implications is

b1 : pNVqg—rASs premise

P9 : sVt—u premise

(I (~pA~q)V(rAs) ¢1, Implication, DM

Py : (~pVr)A(~pVs)A(~qgVr)AN(~qVs) 1, Distribution

U3 ~pVs 12, Specialisation

Yy : (~sA~t)Vu @2, Implication, DM

(o (~sVu)A(~tVu) )4, Distribution

Ve ~sVu 15, Specialisation

Uy ~pVu 13,16, Resolution
p—u 17, Implication

Premises ... ... [0.2 marks]

Essential steps

............................................................... [1.8 marks]



(c) Use only the rules of inference and fitch style proof to infer the validity of the argument
p—>q, r—Ss, pVrkqgVs.

[Warning: If you use any rules other than the rules of inference, you will receive ZERO

for this question.] (2 marks)
1 p—q premise
2 T — S premise
3 pVvr premise
4 P assumption .......... ... . [0.2 mark]
A 5 q 14—=E ... [0.4 mark]
6 qVs SVII [0.3 mark]
7 r assumption ...l [0.2 mark]
8 s 14-E oo [0.4 mark]
9 qVs 5VIo oo [0.2 mark]
10 qVs 3,46, 7-9VE ... ... [0.3 mark]

(d) Let R(z), Q(z) and I(x) be predicates with single arity. Use either the laws of logical
equivalence and implication or rules of inference to show that the following argument is

valid:

Vr(Q(x) = R(x)), Jz(Q(z) AN(x)) /.. Jx(R(x) A I(x)). (2 marks)

Ans. Using the laws of logical equivalence and implication, the inference goes as follows:
¢1 Va(Q(z) = R(x)) premise

¢2  Fx(Q(z) Al(x)) premise
1 Q(s) NI(s) ¢2 existential initialisation ............... [0.4 mark]
o Q(s) — R(s) ¢ universal initialisation ................. [0.4 mark]
U3 Q(s) 11 Specialisation ....................... [0.3 mark]
(o R(s) o, MP ... [0.3 mark]
Vs I(s) 11 Specialisation ...................ooo... [0.2 mark]
Vg R(s) NI(s) 14,15 conjuction ................ooouenn.. [0.2 mark]
Jx(R(z) N I(z)) e existential generalisation .............. [0.2 mark]



Laws of Logical Equivalences and Implications

Let p, ¢ and r be atomic statements, T" be a tautology and F' be a contradiction. Suppose the variable

2 has no free occurrences in £ and is substitutable for z in £. Then

1.
2.
3
4.
D.
6
7
8

10.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

31.

Double negative law:
Idempotent laws:

Universal bound laws:
Identity laws:
Negation laws:
Commutative laws:

Absorption laws:

Associative laws:

Distributive laws:

De Morgan’s laws:

Implication law:
Contrapositive law:
Biconditional law:
Contradiction Rule:
Conjunction:

Specialisation:
Generalisation:

Elimination:

Modus Ponens (MP in short):
Modus Tollens (MT in short):
Transitivity:

Resolution:

Quantified de Morgan laws:
Quantified conjunctive law:
Quantified disjunctive law:

Universal quantifiers swapping law:

Existential quantifiers swapping law:

Independent quantifier law:

Variable renaming laws:

Free variable laws:

Universal instantiation:

~(~p) =p.

PADP=Dp; pVp=p.
pVT =T, pANF=F.
pAT =p; pV F =p.

pV ~p=T, pAN~p=F.
PAG=qAp; pVqg=qVp.
pVAg)=p; pAPVa) =p.

(pAGAT=pA(gAT);
(pVgVr=pV(gVr).
pA(@Vr)=({@AqV(pAT);
pV(gAT)=(Va A(pVr).
~(pAg)=~pV~g
~(pVg)=~pA~q.
p—q=~pVgq

P q=~qg—p
peg={@—q9ANg—p).
~p—=FEp

P, aEPNG

PAGED PANGEQ
pPEDPVEG aFEDPVY

pVg, ~qEDP; pVg ~pEQq
P—4¢ pEQq

pP—q ~qE~D

p—>q¢ q>rEp—r

pVr, gV ~TEDPVY

~Vrp =dx ~ ¢; ~ dxp = Vo ~ ¢;
Vz(p ANY) = (Vo ¢) A (Vo )
(o V) = (3 ¢) V (3z 9);
VaVyo = VyVro;

dxdyp = dydxe;

& =V = g,

Voo =Vyoly/xl; 3wd = yely/al;
Ve(EAp) =EA (Vay);  Fx(ENY)
Ve(EVy) =&V (Vay);  Fz(§VY)

Vro = dla/zl;

=EN
=£V

(
(

dx
dx

¥);
¥);

)
)



32.  Universal generalisation: ola/z] = Vxo,

33.  Existential instantiation: Jxg = P[s/z];
34. Existential generalisation: ¢ls/x] = Fzo.



Rules of Inference

Let ¢, ¥, £ be any well-formed formulae. Then

1.

10.
11.
12.

13.

A-introduction:
A-elimination:
—-introduction:
—-elimination:
V-introduction:

V-elimination:

—-introduction or ~-introduction:

—-elimination or ~-elimination:
1 -elimination:

V-introduction:

V-elimination:

J-introduction:

J-elimination:

$ Y PAY

SAYEG or GAYEY

(6, - | (6= )
$— b, pF

pFoVY or YEeVy

A R S A 4 L
[~6, o L[Fg or [o o, L|F~g
¢, ~pF L

1+¢

‘p(t) V()

Vag(x) b o(t)

é(s) b rg()

Jrg (), P(s)---€ | €

)

The term ¢ is free with respect to = in ¢ and [t/x] means “¢ replaces x”.



