Laws of Logical Equivalences and Implications

Let p, ¢ and r be atomic statements, T" be a tautology and F be a contradiction. Suppose the
variable x has no free occurrences in £ and is substitutable for x in £. Then

1. Double negative law: ~ (~p)=p.

2. Idempotent laws: PAP=p; pVp=Dp.

3. Universal bound laws: pVT =T, pANF =F.

4. Identity laws: p AT = p; pV F =p.

5. Negation laws: pV~p=T; pAN~p=F.

6. Commutative laws: PANG=qAp; pVqg=qVp.

7. Absorption laws: pV(pAg) =p; pA(pVq) =p.

8. Associative laws: (A Ar=pA(gAT);
(PV@Vr=pVigVvr).

9. Distributive laws: pA(@@Vr)=(@AqgV(pAT);
pVgAr)=(pEVaA(pVr).

10.  De Morgan’s laws: ~ (pAq)=~pV ~g;
~ (Vg =~pA~g

11.  Implication law: p—qg=~pVyq

12.  Biconditional law: perqg=({@—q9N(—Dp).

13.  Modus Ponens (MP in short): p—q, pEQq

14.  Modus Tollens (MT in short): p—q, ~qE~D

15.  Generalisation: PEPVEG gEDPVY

16.  Specialisation: pAGED pAqEQq

17.  Conjunction: P, ¢ EDAQ

18.  Elimination: pPVe ~akEP pVa ~plEg

19.  Transitivity: p—=q qorEp—T

20.  Contradiction Rule: ~p—FEp

21.  Quantified de Morgan laws: ~Vrg =dr ~ ¢; ~ dxp =V ~ ¢

22.  Quantified conjunctive law: V(o A) = (VYo ¢) A (Vo );

23.  Quantified disjunctive law: Jz(p V) = Tz @) V (Tz ),

24.  Universal quantifiers swapping law: VaVy¢p = VyVao;

25.  Existential quantifiers swapping law: Jdz3dy¢ = Jydxe;

26.  Independent quantifier law: & = Vg = dxé;

27.  Variable renaming laws: Vo =Yyoly/z|; Trd = Jyoly/x;



28.

29.
30.
31.
32.

Free variable laws:

Universal instantiation:

Universal generalisation:

Existential instantiation:

Existential generalisation:

Ve(EAY) = EN (Vay);
Vz(§ V) =&V (Vay);
Vzg = ¢la/z];
¢la/x] = Vao;
Jrd = ¢[s/xl;
ols/x] = Fxo.



Rules of Inference

Let ¢, v, £ be any well-formed formulae. Then

1. A-introduction: ¢, YEOAY

2. A-elimination: PANYES or QAP Y

3. —-introduction: ¢, -, Y|F (9= Y)

4. —-elimination: =Y, oY

5. V-introduction: pEoVY or YEPVY

6. V-elimination: OV, [0, o, ) U, oo, E]RE

7. —-introduction or ~-introduction: ’N ¢, -, L ‘ ¢ or |¢, .-, LiF~0
—-elimination or ~-elimination: ¢, ~oF L

9. L -elimination: 1k

10.  V-introduction: ‘o(t) - Vo (r)

11.  V-elimination: Vrg(z) - o(t)

12.  F-introduction: ¢(s) - 3o (x)

13.  F-climination: Frg(x),|o(s)---E|F &€

The term ¢ is free with respect to x in ¢ and [t/x] means “¢ replaces z”.



